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1. Show by definition of limits of functions that

(a)limx→3
2x + 3

4x− 9
= 3

(b)limx→1
x3 − 1

x2 − 3x + 2
= −3

2. Let f : A ⊆ R, f : A→ R, and c ∈ R be a cluster point of A. Then we have

Theorem 1. (a) (Sequential Criterion, version I) limx→c f(x) = l ∈ R if and
only if for each sequence {xn} ⊆ A\{c} such that limn→∞ xn = c, we have
limn→∞ f(xn) = l.

(b) (Sequential Criterion, version II) limx→c f(x) exists in R if and only if for each
sequence {xn} ⊆ A\{c} such that limn→∞ xn = c, we have limn→∞ f(xn) exists
in R.

3. Let f : A ⊆ R, f : A→ R, and c ∈ R be a cluster point of A. Then we have

Theorem 2. (Divergence Criterioa)

(a) f(x) does not have the limit l ∈ R at c if and only if there is a sequence
{xn} ⊆ A\{c} such that limn→∞ xn = c, but f(xn) does not converge to l.

(b) limx→c f(x) does not exist in R if and only if there is a sequence {xn} ⊆ A\{c}
such that limn→∞ xn = c, but limn→∞ f(xn) does not exist in R.

(c) limx→c f(x) does not exist if we can find two sequences {xn}, {yn} ⊆ A\{c}
such that limn→∞ xn = c, with f(xn)→ x, f(yn)→ y, but x 6= y.

4. Using the definition or any divergence criteria, show that the following limits do not
exist.

(a) lim
x→0

sin(
1

x
)

(b) lim
x→1

2

1− x

(c) lim
x→0

|x|
x


